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GEOMETRIC PROPERTIES OF A MODIFIED WHIRLING-MEMBRANE 
SOLAR-ENERGY CONCENTRATOR 

By John M. Jerke and Atwood R. Heath, Jr. 

Langley Research Center 

SUMMARY 

The whirling-membrane solar concentrator has been proposed for use with 
spacecraft-power -conversion devices because of its compact-packaging potential. Three 
membranes of 0.01-mm-thick aluminized plastic were constructed and attached to metal 
hubs for which the ratios of hub radius to membrane radius were 0.20, 0.35, and 0.50. 

The resulting models with design focal lengths of 132.1 cm and design diameters of 
3.05 m were rotated at 71 rad/s in a vacuum chamber at pressures below 133 N/m^. The 
present models were similar to a set of models used for tests reported in NASA Technical 
Note D-4532; however, the present models have been modified to include longer supporting 
cables. The accuracy with which each modified membrane achieved the design parabo- 
loidal shape was measured by using an optical-ray-trace technique. 

The test results indicated that the larger the metal hub, the better the concentration 
of incident energy. At the design aperture-diameter ratio for a typical solar Rankine- 
cycle system with a design geometric efficiency of 0.99, a geometric efficiency of 0.92 
was obtained for the modified model with the 0.50 metal -hub radius. When compared with 
the 0.50 metal-hub-radius model of the earlier investigation, the modified model showed a 
significant improvement in concentrating ability as evidenced by a reduction in membrane- 
surface errors. The random errors in both the circumferential and radial directions 
were reduced by one-half for the modified model. For the three modified models, the 
largest deviation in apparent focal length was 3 percent less than the design value. The 
membrane with the 0.50 metal-hub radius came closest to a parabolic cross section. The 
cable length was found to be an important factor in the design of a whirling-membrane 
concentrator. The 0.35 and 0.50 metal-hub-radius models compare favorably with other 
types of expandable solar concentrators and appear to be suitable for low-temperature 
space power systems. 


INTRODUCTION 

Solar-energy concentrators used in conjunction with electrical-conversion devices 
have been considered for space power systems. (For example, see ref. 1.) Expandable 



concentrators were of interest for large power systems that required concentrators much 
larger than launch-vehicle diameters because these concentrators could be compactly 
packaged for launch and later deployed for use in space. One expandable concentrator 
that has been proposed employs a whirling membrane (ref. 2) and is also currently of 
interest for large antennas. For this type of concentrator, a thin aluminized plastic 
membrane, which has been preformed to an approximate paraboloid and attached to a 
metal hub, is rotated about its optical axis (axis of symmetry). The centrifugal loading 
plus an axial component of loading applied at the rim by a conical membrane stretches 
the approximate paraboloid into the desired paraboloid. 

In reference 3, the results of optical-ray-trace tests on three 3.05-m-diameter 
whirling-membrane models with metal hubs of different diameters are reported. Those 
results indicate that the best model is efficient when a low concentration of energy is 
required but is not suitable for systems requiring a very accurate paraboloid to give a 
high concentration of energy. For the three models, a series of cables replaced the con- 
ical membrane which was used in the design configuration of reference 2. The test 
results of reference 3 also indicate that the concentrating ability of the membrane can be 
improved significantly by moving the cable hub to a location above the design value on the 
spin shaft. Based on the results of reference 3, a set of three modified concentrator 
models was built. These models had different cable lengths and cable-hub locations but 
the same design values of membrane diameter, metal-hub diameters, focal length, and 
rim angle as the models of reference 3, hereafter called the original models. 

The main objective of the present investigation was to measure the accuracy with 
which a whirling-membrane concentrator assumes a paraboloidal shape while being 
rotated. One other objective was to determine the effect of metal-hub size on the forma- 
tion of circumferential wrinkles in the membrane when optimum cable parameters are 

used. 

Optical-ray-trace tests using a light source and solar cells were conducted to 
determine the geometric properties of the concentrator models. Data for the three mod- 
ified models are presented and compared with data for the best concentrator model of 

reference 3. 


SYMBOLS 

The units used for the physical quantities defined in this paper are given in the 
International System of Units (SI). Factors relating this system to U.S. Customary Units 
are given in reference 4. 

A aperture-diameter ratio, ratio of aperture diameter intercepting reflected 

energy to concentrator diameter 
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scattering-circle diameter (see fig. 20) 


paraxial-image diameter, diameter of light-source image formed at focus by 
cone of rays reflected from paraboloid vertex, f^ tan a 

element of volume, R 2 dR 2 J 1 /^ 2 >^ 2)^2 

apparent focal length of concentrator, z s distance at which the peak of the 
average irradiance-ratio distribution, as determined from the tests, falls 
on optical axis 

design focal length of concentrator 

focal length of geometrically perfect concentrator 


orthogonal coordinate system with origin at 0", defining membrane-surface- 
slope errors where k is the normal to the design paraboloid surface, and 
j is in a plane containing the optical axis and a membrane radius through 
0" (see figs. 6 and 11) 


average irradiance ratio, arithmetic average of measured irradiance ratios 


from five test light-source locations, 



calculated average irradiance ratio in survey plane of a test model, 
■>2tt 

l av (c,0)de, where c is a particular value of r 


J-f 

271 Jr 
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calculated irradiance ratio in focal plane of a geometrically imperfect and 
totally illuminated whirling membrane 

measured irradiance ratio, ratio of irradiance in survey plane to irradiance 
incident on test model for one light-source location 

calculated irradiance ratio in focal plane of a geometrically perfect and totall 
illuminated whirling membrane 



r ,6 plane polar coordinates with origin at O' in solar-cell survey plane (see 

fig. 6) 

r' radius of cross-sectional area of test light source 

metal-hub radius of concentrator 
r 0 smallest value of r for which I ca i c = 0 

R design radius of membrane paraboloid 

R i,4>i plane polar coordinates with origin at F in focal plane (see fig. 20(b)) 

R : 2,02 plane polar coordinates with origin at p in focal plane (see fig. 20(b)) 

s distance from focal point F to point p in focal plane (see fig. 20(b)) 

x,y,z rectangular Cartesian coordinates with origin at 0 defining membrane 

paraboloid (see fig. 6) 

Xj- light-source position, distance along X-axis from optical axis to center of 

light source (see fig. 6) 

x a x- ordinate of design membrane 

x m x-ordinate of membrane construction mold 

z c cable-hub position, distance along optical axis from design paraboloid vertex 

to intersection of extension of cables with optical axis (see fig. 1) 

z c ; z-ordinate of the design membrane 

z g z-ordinate of the membrane as determined from experiments 

z m z-ordinate of membrane construction mold 

Zp z-ordinate of a perfect paraboloid with a focal length of f a 

z s solar-cell-bar position, distance along optical axis from design paraboloid 

vertex to survey plane containing solar cells (see fig. 6) 
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Ax = x d “ x m 


J«kZ *— • z e “* Z^| 

Az’ = z p - Z d 
Az" = Zjj - z m 

a collimation angle, angle subtended by light source at concentrator surface 

(see fig. 19) 


/3 = cos" 1 


m 2 + *2 - JsL 
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6 C circumferential-slope error, projection of angle between actual membrane 

surface normal and design paraboloid normal in ik-plane (see fig. 11) 

S r radial-slope error, projection of angle between actual membrane surface 

normal and design paraboloid normal in jk-plane (see fig. 11) 

radial-slope difference, angle between the surface normal of a perfect parab- 
oloid with focal length f a and the design paraboloid normal 

Tjg geometric efficiency, ratio of energy entering a given-size focal-plane 

aperture to total energy that is specularly reflected from concentrator 




a standard deviation of reflected cone centers as measured from optical axis 
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MODELS 

Configurations 

A sketch of the whirling-membrane solar concentrator is shown in figure 1. The 
concentrator consisted of an aluminized plastic paraboloid, metal hub, shaft, cables, and 
cable hub. The design paraboloid diameter was 3.05 m, the rim angle was 1.05 rad, and 
the focal length was 132.1 cm. The membrane was constructed of 0.01-mm-thick alumi- 
nized polyethylene-terephthalate plastic and was formed of 45 triangular gores assembled 
on a convex mold. The gores were attached to each other at a butt joint which was 
covered with an aluminized plastic strip sealed with a thermosetting resin. 

Three models with ratios of metal-hub radius to membrane radius of 0.20, 0.35, and 
0.50 were built, and a membrane was fabricated for each model. The convex mold also 
served as a jig for attaching each membrane to its respective hub in the assembly process. 
Each model had seventy-two 0.8-mm-diameter steel cables which were attached from the 
cable hub mounted on the shaft to plastic tabs at the membrane rim. The vertical loca- 
tion of the cable hub on the shaft could be adjusted manually. The design cable-hub loca- 
tions and cable lengths are shown in table I. Several other cable-hub locations were used 
during the tests and are shown in table II. 

Design Considerations 

The equations for the design of a whirling-membrane paraboloid with a conical 
covering are given in reference 2. These equations were used to calculate the membrane 
deflections under operating conditions for the models of reference 3 and the present 
models. However, two changes were made in the deflection calculations for the present 


standard deviation of circumferential-slope errors from mean errors 


standard deviation of radial-slope errors from the mean errors 


standard deviation calculated from test data, value of r for which 


0 


■^calc( r ^ r 


I calc( r ) ( * r 


0.68 


Ri 


1 2cr^ 

Gaussian density function, e (see fig. 20(a)) 
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models. First, the deflections were calculated by using an electronic digital computer. 
Figure 2 shows the deflections Az" and Ax for the original and modified 0.20R hub 
models. The small difference noted between the two curves is apparently due to the 
increased number of significant figures used by the digital computer. Second, the deflec- 
tion equations were modified to include the effects of gravity; however, the results showed 
that gravity had a negligible effect on the deflections. 

As in the investigation of reference 3, cables were used to replace the conical cov- 
ering, and deflection equations for the conical covering could not be used to determine 
cable length and cable-hub location on the spin shaft. An approximate solution, which 
requires an assumed value for the angle between the cables and the membrane-rim plane 
at the cable-membrane juncture, was used to calculate the cable parameters. The test 
results of the original models indicated that an assumed value of 1.57 rad for the angle 
between the cable and rim plane did not result in a very accurate paraboloid. These test 
results, when considered with those of reference 2, suggest that an angle of 0.52 rad 
should give a more accurate paraboloid. Therefore, this value was used for the present 
models, and the resulting cable lengths and cable-hub locations are shown in table I. 

As with the original models, the prevention of circumferential wrinkles, which 
degrade energy concentration, was another important design problem. These wrinkles 
may form if a suitably large ratio of meridional to circumferential stress is not main- 
tained. One method for preventing wrinkling (discussed in ref. 2) requires increasing 
the metal-hub radius relative to the membrane radius and thereby increasing the ratio of 
meridional stress to circumferential stress. Calculated stress ratios, which include and 
exclude the effects of gravity, are shown in figure 3 for the three hub models.. There are 
only insignificant differences in the two sets of stress ratios. Therefore, hub sizes 
selected for the present investigation were the same as those used in reference 3. 

APPARATUS AND TESTS 

The apparatus for testing the concentrators is shown schematically in figure 4, and 
a photograph of the test arrangement with the 0.3 5R metal-hub model rotating at 71 rad/s 
is shown in figure 5. The optical-ray-trace equipment consisted of a light source to give 
a nearly collimated beam of light and 10 silicon solar cells to measure the reflected light 
distribution in the focal region. An additional solar cell in the light-source tube contin- 
uously monitored the incident irradiance. 

All tests were made in a vacuum sphere at pressures below 133 N/m^ (1 mm of 
mercury). All models were tested at the design rotational speed of 71 rad/s. Table n 
gives the light-source and solar-cell-bar locations in addition to the various model 



configurations. Figure 6 shows the coordinate systems relating the locations of the 
whirling membrane, light source, and solar cells. 

Each model was tested at its design cable-hub location and at various locations 
above the design value; however, for the 0.20R hub model, the test at the design location 
was not completed because of a cable failure. Data for each model configuration were 
obtained by placing the solar-cell bar at a vertical location in or near the design focal 
plane, positioning the light source, and then surveying the plane by rotating and moving 
the solar-cell bar. In order to obtain data representative of different areas of the mem- 
brane, the light source was positioned at five different radial locations. A more detailed 
description of the apparatus and test procedures can be found in reference 3. 

REDUCTION AND ACCURACY OF DATA 

The basic data measured during the investigation were solar-cell voltages. The 
voltage readings from each solar cell on the bar were divided by the monitor-cell voltagfe, 
recorded over the same time interval, to eliminate the effect of change in the test light- 
source irradiance. The resulting voltage ratios were adjusted by using solar-cell cali- 
bration factors obtained from laboratory tests in order to put the data on a common basis. 
The adjusted voltage ratio, defined as irradiance ratio I m , represents the factor by 
which the irradiance of the incident energy has been modified by concentrator geometry 
and specular reflectance of the aluminized plastic. 

Several sources of error in the magnitude and location of the irradiance-ratio data 
existed in the test arrangement. The solar-cell calibration factors are considered to be 
accurate within ±10 percent. The alinement of the light source parallel to the concentra- 
tor optical axis was made within ±1.7 mrad, which represents a focal-plane image dis- 
placement that varies from 3 mm for the innermost light-source location to 5 mm for the 
outermost location. The location of the solar cells on the bar was determined to be 
within 0.4. mm of the nominal 2.5-cm intervals. The axis of rotation of the bar was 
within 0.4 mm of the axis of rotation of the concentrator, the angular location of the bar 
was within ±0.04 rad of the desired location, and the vertical location of the bar was 
within 0.8 mm of the desired location. The misalinement of the light source and the dis- 
placements of the solar cells from their nominal locations are not readily transferable to 
a percentage error in irradiance ratio; however, the irradiance-ratio error involved is 
considered to have a minor effect on the overall accuracy of the data. 



RESULTS AND DISCUSSION 


Concentrator Geometric Efficiency 

The determination of the accuracy with which the whirling- membrane concentrator 
assumes the design paraboloid was the primary test objective. One measure of the con- 
centrator accuracy is geometric efficiency. The cable-hub location which optimized 
geometric efficiency was located first and is included in the range of test parameters for 
each model in table II. Irradiance-ratio distributions along the 6 = Q°-18Q° and 
B = 9Q°-270° axes for the optimum configurations of each model are shown in figure 7. 
(These distributions are typical of those obtained with the other model configurations.) 

To obtain the geometric efficiency for the entire concentrator, the irradiance-ratio values 
for the five light-source locations were averaged. The resulting average distributions 
(fig. 8) were used, as discussed in reference 3, to calculate the geometric efficiencies of 
the three models. 

Figure 9 presents the geometric efficiency for the optimum configuration of each 
model and for a perfect paraboloid of the same diameter and focal length as the whirling 
membrane. The data indicate that the larger the hub, the better the geometric efficiency. 
Aperture-diameter ratios A for the best test model are generally two orders of magni- 
tude larger than ratios for the perfect paraboloid and thereby indicate that even the best 
test model is only an approximate paraboloid. (The aperture-diameter ratio is the ratio 
of the aperture diameter intercepting reflected energy in the focal plane to the concentra- 
tor diameter.) 

The comparison of figure 9, however, is based on results obtained by using a test 
light source; whereas in a space power system, the whirling membrane would be illumi- 
nated by the sun. Therefore, the effect of solar illumination on the concentrating ability 
of the optimum configuration of the 0.50R hub model was examined, and the results are 
given in the appendix. As shown in the appendix, the effect on geometric efficiency is 
minor when the membrane illumination is changed from the test light source to the sun; 
therefore, the test-model efficiency curves shown in figure 9 are good indications of solar 
geometric efficiency. The efficiency curve for a perfect paraboloid illuminated by the 
sun is also shown for comparison with the test data. As can be seen, the test data more 
closely approach the geometric efficiency for a perfect paraboloid when application of the 
whirling membrane as a solar concentrator is considered. 

The geometric efficiencies of the 0.35R and 0.50R hub models and of two other 
expandable concentrators that use thin reflective membranes are shown in figure 10 for 
comparison. The data for the inflatable -rigidized and split-rib-umbrella concentrators 
(refs. 5 and 6, respectively) were obtained from solar calorimetric tests. The whirling- 
membrane concentrator with either the 0.35R or 0.50R metal hub, in its present form, 



appears competitive with other expandable concentrators for use in relatively low tern 
perature, space power systems. 


Concentrator Geometry 

As noted earlier, all models were only approximate paraboloids. An examination 
of figure 7 suggests that two types of errors, mean and random, were present in the sur- 
faces. The mean errors are evidenced by the displacement, from the optical axis, of the 
peaks of the irradiance-ratio distributions. The mean error consists of a combination of 
displacement in the z direction of the actual surface from the design paraboloid and an 
angle between the normal to the actual surface and the normal to the design paraboloid. 
The local coordinate system for the surface normals is shown in figure 6; the radial and 
circumferential projections of the slope error 6 r and 6 C , respectively, are shown in 
figure 11. 

The vertical displacements Az and the radial-slope errors S r were determined 
for the configurations with optimum cable-hub locations and are shown in figure 12. The 
membranes for the three models appear to have lifted above the design ordinates and the 
slope for the 0.35R and 0.50R hub models increased. Although the membranes for the 
optimum configuration of each model did not attain the design parabolic cross section, 
the membranes did achieve approximate parabolic cross sections with apparent focal 
lengths f a shorter than the design value of 132.1 cm. The 0.20R, 0.35R, and 0.50R hub 
models had apparent focal lengths of 130.8, 129.1, and 128.6 cm, respectively, as shown 
in figure 8. The ordinate and slope differences between perfect paraboloids with the 
apparent focal lengths and the design paraboloid were calculated and are shown in fig- 
ure 12 for comparison with the test data. Comparison shows that only the 0.50R hub 
model had a membrane shape very close to that of a perfect paraboloid with the same 
focal length. 

In contrast to the irradiance-ratio distributions along the 8 = 0°-180° axis, the 
peak values of the distributions along the 8 = 90°-270° axis occur, for the most part, 
on the optical axis as can be seen in figure 7. Therefore, there is no indication of mean 
errors in the circumferential direction for any of the models, and the membranes on the 
average were surfaces of revolution. 

Random errors existed in all model configurations as evidenced by relatively wide 
irradiance-ratio distributions compared with distributions for a perfect paraboloid. For 
example, some of the distributions along the 0 = G°-180° axis in figure 7 have nonzero 
values more than 20 cm on either side of the peak values; whereas for a perfect parabo- 
loid, the nonzero values would have been within 1 mm from the peak values. The shapes 
of the distributions are similar to normal probability curves. The standard deviation of 
the radial-slope errors a r for the optimum configuration of each model is shown in 
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figure 13(a). It can be seen that the larger the metal hub, the smaller the standard devia- 
tion. This standard deviation probably results from the scattering of the incident light by 
circumferential wrinkles in the membrane. Therefore, the behavior shown in figure 13(a) 
tends to confirm the analysis of reference 2 which indicates that for a larger metal hub 
there will be a higher ratio of meridional to circumferential stress in the membrane and, 
consequently, less circumferential wrinkling. Standard deviations of the circumferential- 
slope errors cr c could be determined only at a few membrane radii for the three models. 
As shown in figure 13(b), values of a c , like those of cr r , decrease with increasing metal- 
hub size. Comparison of figure 13(b) with figure 13(a) shows that values of a c for each 
model are approximately one-half the u r values at the same membrane radius. There- 
fore, ct c is not as important as cr r in determining the distribution of the reflected 
energy or the concentrator geometric efficiency. 

Effect of Cable -Hub Location 

The investigation of reference 3 established that the location of the cable hub rela- 
tive to the metal hub is an important factor in the design of a whirling-membrane concen- 
trator. Therefore, cable-hub location was varied for the three models in the present 
investigation, and some of the resulting average irradiance-ratio distributions along the 
6 = 0°-180° axis are shown in figure 14. In general, the figure shows that raising the 
cable hub above the design values resulted in narrower distributions with higher peak 
values for the two smaller hub models. Apparently, the higher cable-hub locations 
resulted in a reduction of the circumferential wrinkling in the membrane; however, the 
membrane cross sections obtained were not the design geometry. The largest hub model 
was the best concentrator at the design cable-hub location. At this condition, a parabolic 
cross section was obtained with a focal length 3.5 cm shorter than the design focal length 
(132.1 cm). The failure of any membrane to achieve the design shape may be due to the 
assumptions made in calculating cable-hub location and cable length. However, the 
assumption that the conical membrane can be replaced by cables may also be a contrib- 
uting factor. 

Comparison of Modified 0.50R Hub Model With Original 0.50R Hub Model 

As with the original models (ref. 3), the 0.50R hub model of the present investiga- 
tion gave the best concentration of energy. Therefore, the optimum configurations of the 
original and modified 0.50R hub models are compared in order to indicate the improve- 
ments obtained as a result of the modifications. 

Figure 15 shows the average irradiance-ratio distributions along the 6 = 0°-180° 
and 6 = 9Q°-270° axes for both the original and modified models. The modified model 
has much narrower distributions with a threefold increase in the peak value compared 


with the original model. These narrower distributions result in a more efficient con- 
centrator as shown in figure 16. Also shown in figure 16 is the design geometric effi- 
ciency for a typical solar Rankine- cycle system (ref. 7). The original model had an effi- 
ciency of only 0.58 at the design aperture-diameter ratio, whereas the modified model has 
an efficiency of 0.92, which is only about 0.07 below the design value. 

The membrane-surface errors for the original and modified models are shown in 
figures 17 and 18. The membrane vertical displacements from the design paraboloid 
are shown in figure 17. Both models had a design focal length of 132.1 cm; whereas 
apparent focal lengths f a of 130.6 and 128.6 cm were obtained for the original and modi- 
fied models, respectively. When compared with perfect paraboloids with these focal 
lengths, as shown in figure 17, the modified model has attained a shape more nearly that 
of a paraboloid. As shown in figure 18, the random radial-slope error for the modified 
model was about one-half that for the original model over the survey radius. This dif- 
ference indicates that the modified model probably experienced significantly less circum- 
ferential wrinkling than the original model. The decrease in the random radial-slope 
error for the modified model was also accompanied by a corresponding decrease in the 
random circumferential error. 

The improvements in the modified model can be considered to be related to the 
longer cables. Differences in design ordinates between the two models were too minor 
to account for much of the differences in membrane contour, and cable-hub locations 
were essentially the same. 


CONCLUSIONS 

Three 3.05-m-diameter whirling-membrane concentrators similar to models tested 
previously have been investigated by the measurement of the accuracy with which the 
models focus incident energy. The three models had metal hubs with ratios of hub radius 
to membrane radius of 0.20, 0.35, and 0.50. The test results for the modified models 

indicate the following: 

1. The larger the metal hub, the better is the concentration of incident energy. The 
modified model with the 0.50 metal-hub radius gave the best concentration and had the 

following properties: 

(a) The membrane was approximately parabolic with an apparent focal length 
of 128.6 cm, which is about 3 percent less than the design value of 132.1 cm. 

(b) At the design aperture-diameter ratio for a typical solar Rankine-cycle 
system with a design geometric efficiency of 0.99, a geometric efficiency of 0.92 was 

obtained. 
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(c) There was significant improvement in concentrating ability when com- 
pared with the original model with a 0.50 metal -hub- radius. For example, the random 
errors in the membrane in both the circumferential and radial directions were reduced 
by one-half for the modified model. 

2. The cable length and the location of the cable hub relative to the metal hub are 
important factors in the design of a whirling-membrane concentrator. 

3. The whirling-membrane concentrator with the 0.35 or 0.50 metal-hub radius 
compares favorably with other types of expandable solar concentrators and appears to be 
suitable for low-temperature space power systems. 

Langley Research Center, 

National Aeronautics and Space Administration, 

Hampton, Va., April 10, 1970. 
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As shown in figure 19, the solar radiation reflected from a concentrator is con- 
tained in cones defining the solar collimation angle. It was assumed in reference 8 that 
for a geometrically imperfect concentrator, the reflected cone centers are distributed 
uniformly within a "scattering circle” in the focal plane. However, figure 7 shows that 



optical axis. It is assumed that most of the reflected cone centers fall within the scat- 
tering circle so that ^ ~ 0 for Rj = Neglecting the relatively few cone centers 

outside the scattering circle will have a minor effect on the calculated energy 

distributions. 
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APPENDIX 


The irradiance ratio Ij at a point p shown in figure 20(b) is determined by - 

(1) Calculating the fraction of cone centers occurring in an annulus of differential 

width dR ,2 at a distance R 2 from p 

(2) Multiplying this fraction of cone centers by the irradiance ratio Ip at a dis- 

tance R 2 from the focal point of a geometrically perfect whirling 
membrane 

(3) Integrating these products over suitable limits of R 2 

The fraction of cone centers in the differential annulus is obtained by calculating the 
ratio of the differential volume dV^R^,*^) bounded by the annulus and i/^R to the 
total volume bounded by i//^Rjj and the scattering circle. The general form of the dif- 
ferential volume is 

dv(R 2 ,0 2 ) = R 2 dR 2 J ^(R 2 ^2) d ^2 ( 2 ) 

The total volume enclosed by the Gaussian distribution and the scattering circle is given 

by 

pb/2 r-2-n \ . . , — f 

j j xl/\RljRld(p 1 (m 1 ~pno (3) 

By using equations (2) and (3), the irradiance ratio Ij at p may be written as 


Ii (s) =-|= JJ Ip(R2) ^2^2) R 2 dR 2 d< P2 


By rewriting equations (1) to (4) in terms of the nondimensional variables y, X, 
q- g Ro 

\x, and p, where y = X = — , p = — , and p = the irradiance ratio at p becomes 

d d d d 


iiW = -7= 
yf 2 tt 

Values for I p are dependent on collimation angle and can be found in reference 8. 

Equation (5) was evaluated for various regions in the focal plane, and the following 
results were obtained: 

For X=X- and — > 0 (p outside or on the scattering circle), 


\T Ip(M) ^(**,<#> 2 ) M d M d<p2 


(5) 
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For 0 S x s ' 1 b 


2 2d / and d " 


Ii(X) = Ii(X = 0) 


( 8 ) 


For X = 0 and — = 1, 
d 


i pb/2d ~ n 

Ii= ^2J 0 I P (jul)e 2y Mdp 




(9) 


In equations (6) to (9) 


M 2 + A 2 _ h 


jS = cos“- 


4d 2 


2pX 


( 10 ) 


and 


p2 = p. 2 + x 2 - 2px cos 02 


( 11 ) 


These equations have been used to generate focal-plane distributions for the 
whirling membrane illuminated by the test light source and by the sun. (See fig. 21.) 

The expression for Ij has been modified by the factor (r')^ (R 2 - rj^ for comparison 
with the calculated average irradianee ratio I ca q c obtained from the test data of the 
optimum configuration of the 0.50R hub model (figs. 7(e) and 7(f)). A standard deviation 
cr of 1.25 cm and a scattering-circle diameter b of 22.9 cm were obtained from this 
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calculated average irradiance ratio I C alc where it was assumed that a t = a. Compari- 
son of the calculated irradiance-ratio values Ij for the sun and test light source indi- 
cates that increased collimation angle results in a lower peak value and a wider distribu- 
tion as would be expected. The differences between the I C alc and Ij curves for the 
test light source are attributed primarily to the approximate Gaussian distribution of the 
test data. 

Although the method for calculating the irradiance-ratio distributions Ij does not 
exactly reproduce the magnitude and shape of the test distribution I ca ][ c , the method is 
considered to give a good representation of the effects of change in collimation angle a. 
Distributions have been calculated over the range of collimation angles from, values for 
the test light source to those for the sun, and the peak values are shown in figure 22. 

For comparison, the effect of collimation angle on the calculated peak value for a geo- 
metrically perfect concentrator is also shown. The peak value for the perfect concen- 
trator varies approximately as l/o^ with a value of about 4500 for test-light illumina- 
tion and a value of 23 for solar illumination. This variation contrasts sharply with that 
for the imperfect concentrator which has a value of 3.5 for the test light source and. 3.1 
for the sun. 

Since the object of these calculations is to show the effect of collimation angle on 
the performance of concentrators with surface errors, the calculated distributions of fig- 
ure 21 have been used to determine geometric efficiencies. These geometric efficiencies 
for test-light and solar illumination are shown in figure 23. The effect of solar illumina- 
tion is minor and results in only a slight shift of efficiency values to higher aperture- 
diameter ratios. 
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TABLE I.- DESIGN CABLE PARAMETERS 



TABLE n.- MODELS AND TEST PARAMETERS 


Models 


Metal-hub Cable-hub 
Configuration radius, location, 
r h /R z c , cm 


Test parameters 

Solar-cell-bar positions 


Light-source location, 
x L , cm 


Axial position, 
z~, cm 


Angular position, 
0,deg 
(*) 
















Meridional stress/ Circumferential stress 



Figure 3.- Variation of stress ratio in the 3 .05-m-diameter whirling- 
membrane concentrator rotating at 71 rad/s. 



l-66-1824 

Figure 5*- Whirling-membrane-concentrator test apparatus, with the 
0.35R hub model rotating at 71 rad/s, in the vacuum sphere. 
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Figure 6.- Coordinate systems relating the locations of the whirling membrane, light source, and solar cells 













k 



Figure 11.- Sketch defining membrane surface-slope errors. 
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Average irradiance ratio, I Average irradiance ratio, 







Model 


Survey plane, Cable-hub location, 


— Original 

- — Modified 


129.5 

128.6 


50.8 

50.9 


2.8 


2.4 


2.0 


1.6 


1.2 



Radial distance, r, cm 


(a) 9 = 0 °-l 80 ° axis. 



(Id) 9 = 90 °- 270 ° axis. 


Figure 15.- Average irradiance-ratio distributions along 9 = 0°-l80° 

9 = 90 °- 270 ° axes for the original and modified 0 . 50 R hub models. 


and 
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Geometric efficiency, 




Modified 



R 


Figure 18.- Variation of standard deviation of radial-slope error for 
the original and modified 0.50R hub models. 



Figure 19.- Solar collimation angle. 



(a) Gaussian distribution. 



(t>) Scattering circle and coordinate system. 

Figure 20.- Gaussian distribution of reflected 
cone centers in focal plane of geometrically 
imperfect concentrator. 


39 


Irradiance ratio, L (r')^/(R^ 
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Figure 21 ..- Irradianee-ratio distributions for test-light and solar illumination 










Figure 23.- Variation of geometric efficiency for test-light and solar illumination 
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